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2 Generalized zero-range process
, (Generalized) Zero-
range Process .
, $M$ , $L$ . ,
$N=M-L$ . ,
. ( $L$ $N$ .)
$[L]:=\{1,2, \ldots, L\}$ , $\Omega_{L}:=\mathbb{N}^{L}$ , $| \omega|=\sum_{l=1}^{L}\omega_{l}$ $(\omega=(\omega_{l})_{l=1,\ldots,L}\in\Omega_{L})$ (2.1)
, $\omega_{l}$ $l$ .
$\omega=(\omega_{\iota})\iota=1,\ldots,L$ $\omega’=(\omega_{l}’)\iota=1,\ldots,L$
$T( \omega’|\omega)=\sum_{\nu\in\Omega_{L}}\prod_{l=1}^{L}\phi_{l}(\nu_{l}, \omega_{l})\delta_{\omega_{l}’,\omega_{l}^{\nu}}$ (2.2)
$\omega_{l}^{\nu}\equiv(\omega^{\nu})_{\iota}:=\omega_{l}-\nu_{l}+\nu_{l-1}$ (2.3)
. , $\phi_{l}(m, n)$ , $n$ $l$ , $l+1$ $m$
,
$\phi_{l}(m, n)=0$ $(n<$ Oor $m<0orm>n)$ , $\sum_{m=0}^{n}\phi_{l}(m, n)=1$ (24)












$\phi_{l}(m, n)=\delta_{m,0}+\beta_{l}(m, n)dt$ (2.8)
$\beta_{l}(m, n)=0$ $(m<0, m>n)$ (2.9)




. . $\sum_{m}\beta_{l}(m,$ $n)=0$ (2.11)
, $\nu$ $\mu$ :
$\delta_{\omega_{l}’,\omega_{l}^{\nu=}}\delta_{\omega_{l}’,\omega_{l}-\nu_{l}+\nu_{l-1}}=\sum_{\mu\iota\in \mathbb{N}}\delta_{\mu_{l},\omega_{l}-\nu_{l}}\delta_{\omega_{l}’,\mu\iota+\nu_{l-1}}$
(2.12)
, $\nu_{l}>\omega_{l}$ $\phi_{l}(\nu_{l}, \omega_{l})=0(\forall l)$ .
$0\leq\mu\iota<\infty$ .
, :
$T( \omega’|\omega;dt)=\sum_{\nu}(\prod_{l=1}^{L}(\delta_{\nu_{l},0}+\beta_{l}(\nu_{l}, \omega_{l})dt))(\prod_{l}\sum_{\mu_{l}\in \mathbb{N}}\delta_{\mu_{l)}\omega_{l}-\nu_{l}}\delta_{\mu_{l},\omega_{l}’-\nu_{l-1}})$
$= \sum_{\nu}(\sum_{n=0}^{L}dt^{n}\sum_{I_{n}\subset[L]l}\prod_{\not\in I_{n}}\delta_{\nu_{l},0}\prod_{l\in I_{n}}\beta_{l}(\nu_{l}, \omega_{l}))\sum_{\mu\in\Omega_{L}}\prod_{l}\delta_{\mu\iota^{\omega}\iota-\nu_{l}}\delta_{\mu_{l+1},\omega_{l+1}’-\nu_{l}}$










$= \sum_{n=0}^{L}dt^{n}\sum$ $\sum$ $\sum$
$I_{n}\subset[L]\mu\in\Omega_{L}\omega’\in\Omega_{L}$
$(\omega_{l+1}$




$(\omega;\mu)_{l}^{I}\equiv((\omega;\mu)^{I})_{l}:=\{\begin{array}{ll}\omega_{l+1}^{\mu} (l\in I)\mu\iota (l\not\in I)\end{array}$ (2.15)
.
, $dt$ $n$ :
$\frac{1}{n!}\frac{\partial^{n}}{\partial t^{n}}P(\omega;t)=\sum_{I_{n}\subset[L]}\sum_{\mu}(\prod_{\iota\not\in I_{n}}\delta_{\mu_{l+1)}\omega_{l+1}})(\prod_{l\in I_{n}}\beta_{l}(\omega_{l+1}-\mu_{l+1},$
$\omega_{l+1}^{\mu}))P((\omega;\mu)^{I};t)$
(2.16)





$= \sum_{l=1}^{L}\sum_{\mu}(\prod_{j\neq l}\delta_{\mu_{j+1},\omega_{j+1}})\beta_{l}(\omega_{l+1}-\mu_{l+1}, \omega_{l+1}^{\mu})P((\ldots, \mu_{l-1}, \omega_{l+1}^{\mu}, \mu_{l+1}, \ldots);t)$
$= \sum_{l=1}^{L}\sum_{\mu_{l+1}=0}^{\omega_{l+1}}\beta_{l}(\omega_{l+1}-\mu_{l+1}, \omega_{l+1}-\mu_{l+1}+\omega_{l})$
$P((\ldots, \omega_{l-1}, \omega_{l+1}-\mu_{l+1}+\omega_{l}, \mu_{l+1}, \omega_{l+2}, \ldots);t)$
$= \sum_{l=1}^{L}[\sum_{\mu_{l+1}=0}^{\omega_{l+1}-1}\beta_{l}(\omega_{l+1}-\mu_{l+1}, \omega_{l+1}-\mu_{l+1}+\omega_{l})$
$\cross P((\ldots, \omega_{l+1}-\mu_{l+1}+\omega_{l}, \mu_{l+1}, . . .); t)+\beta_{l}(0, \omega_{l})P(\omega;t)]$
$= \sum_{l=1}^{L}[\sum_{m=1}^{\omega_{l+1}}\beta_{l}(m, \omega_{l}+m)P((\ldots, \omega_{l}+m, \omega_{l+1}-m, \ldots);t)$
$-( \sum_{m=1}^{\omega_{l}}\beta_{l}(m, \omega_{l}))P(\omega;t)]$
$= \sum_{l=1}^{L}\sum_{m=1}^{\omega_{l}}[\beta_{l-1}(m,$ $\omega_{l-1}+m)P((\ldots,$ $\omega_{l-1}+m,$ $\omega_{l}-m,$ $\ldots);t)$
$-\beta_{l}(m, \omega_{l})P(\omega;t)]$
(2.17)
. , $\sum_{m=0}^{n}\beta\iota(m, n)=\beta\iota(0, n)+\sum_{m=1}^{n}\beta\iota(m, n)=0$ .
( $l$ ), $l$
$\omega_{l}$ $l+1$ $m$ $\beta_{l}(m, \omega_{l})$
.
3 Exact Solution of the Generalized Zero-range Process
Generalized zero-range process ,
. , Evans [5].
, $\phi_{l}(m, n)$ : , $\phi_{l}(m, n)$
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3.1 Single-Site Weight $f_{l}(n)$




. , $n$ 1
$\frac{f_{l}(n+1)\phi_{l}(m,n+1)}{f_{l}(n)\phi_{l}(m,n)}=\frac{w_{l}(n+1-m)}{w_{l}(n-m)}$ (3.24)
6





. , $m$ $m=0$
$R_{l}(n):= \frac{f_{l}(n+1)^{2}}{f_{l}(n)f_{l}(n+2)}=\frac{\phi_{l}(0,n)\phi_{l}(1,n+2)}{\phi_{l}(0,n+1)\phi_{l}(1,n+1)}$ (3.27)
. , $fi(n)$ 2 ,
$\frac{f_{l}(n+2)}{f_{l}(n+1)}=\frac{1}{R_{l}(n)}\frac{f_{l}(n+1)}{f_{l}(n)}=\cdots=\frac{f_{l}(1)}{f_{l}(0)}\prod_{j=0}^{n}\frac{1}{R_{l}(j)}$ (3.28)
. , $\phi(0,0)=1$ . $R_{l}(n)$
$\prod_{j=0}^{n}\frac{1}{R_{l}(j)}=\frac{\phi_{l}(0,1)\phi_{l}(1,1)}{\phi_{l}(0,0)\phi_{l}(1,2)}\frac{\phi_{l}(0,2)\phi_{l}(1,2)}{\phi_{l}(0,1)\phi_{l}(1,3)}\ldots\frac{\phi_{l}(0,n+1)\phi_{l}(1,n+1)}{\phi_{l}(0,n)\phi_{l}(1,n+2)}$
(3.29)
$= \frac{\phi_{l}(0,n+1)\phi_{l}(1,1)}{\phi_{l}(0,0)\phi_{l}(1,n+2)}=\frac{\phi_{l}(0,n+1)\phi_{l}(1,1)}{\phi_{l}(1,n+2)}$ $(n\geq 0)$
. , $fi(n)$ 1




$=( \frac{f_{l}(1)\phi_{l}(1,1)}{f_{l}(0)})^{n}\prod_{j=1}^{n}\frac{\phi_{l}(0,j-1)}{\phi_{l}(1,j)}$ $(n\geq 1)$
$f_{l}(n)=f_{l}(0)( \frac{f_{l}(1)\phi_{l}(1,1)}{f_{l}(0)})^{n}\prod_{j=1}^{n}\frac{\phi_{l}(0,j-1)}{\phi_{l}(1,j)}$ (3.32)




$\phi_{l}(m, n)=\delta_{m,0}+\beta_{l}(m, n)dt$ (3.33)

























$\beta_{l}(m, n)=\gamma_{l}(m, n)-\delta_{m,0}\tilde{\sigma}_{l}(n)$ (3.44)
. , $dtarrow 0$
.
$\frac{\partial}{\partial t}P(\omega;t)$
$= \sum_{l=1}^{L}[\sum_{m=1}^{N}\gamma_{l}(m, \omega_{l}+m)P(\{\ldots, \omega_{l}+m, \omega_{l+1}-m, \ldots\};t)-\sum_{m=1}^{N}\gamma_{l}(m, \omega_{l})P(\omega;t)]$
(3.45)












4, generalized zero-range process
. , $n$ ,
. $n=1$
, $n=N$ . ,
, $n$
(n-random updating) . ,
, $n$
, .
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